Abstract -In the present paper we analyze linear finite elements on a layer-adapted mesh for a boundary value problem characterized by the overlapping of a boundary layer with a singularity. Moreover, we compare this approach numerically with the use of adapted basis functions, in our case modified Bessel functions. It turns out that as well adapted meshes as adapted basis functions are suitable where for our onedimensional problem adapted bases work slightly better.
Introduction
Let us consider the following singularly perturbed singular problem:
x ∈ (0, 1) with u(0) = u(1) = 0.
(1.1)
Here, α ∈ (0, 1) is a fixed parameter. For α 1 the character of the singularity at zero changes such that only one boundary condition at x = 1 is correct. Moreover, the perturbation parameter ε is small (0 < ε 1). We assume c and f to be sufficiently smooth and assume c(x) > c 2 0 > 0 for x ∈ [0, 1]. As we will show in Section 2, problem (1.1) admits a unique weak solution which additionally belongs to C[0, 1]. In the vicinity of x = 0, however, we have to take into account the boundary layer and the singularity of u in the sense that only x α u ∈ C[0, 1], for instance. Even for more general singular problems S. Meyer thoroughly discussed in [8] the analytical behaviour of the solutions of (1.1) (cf. [9] for a short version). Concerning numerical methods for solving (1.1) almost nothing is known.
In [4] we proposed to solve the problem on a uniform mesh with finite elements but operator adapted basis functions. However, these basis functions turn out to be the relatively complicated modified Bessel functions and we were not able to realize the method in that time. By now the available software allows the implementation of the idea given in [4] . In Section 3.2, we shall describe the basic features of the method and present numerical results. Moreover, we shall compare the results with a currently very popular technique: the use of standard finite elements on a layer-adapted mesh.
So far the analysis of finite element methods on layer-adapted meshes is mostly restricted to problems with "standard" boundary layers, see [12] and [7] . It is the main aim of our paper to analyze a more complicated layer structure, characterized by the overlapping with a singularity. Because our problem (1.1) is relatively simple, the basic principles of the mesh construction are easy to understand and can then hopefully be extended to more complicated problems in several space dimensions in the future.
In Section 2, we shall present some basic facts of the analytical structure of the solution and the related mesh construction in the case ε = 1. In Section 3, we present for the singularly perturbed case as well results for linear splines on layer-adapted meshes as for adapted splines on an uniform mesh. Here we repeat some basic facts from the not widely known paper [4] . Finally, in Section 4 we present a numerical comparison of both methods.
Throughout the text we use standard notation for Sobolev spaces, i.e., |·| k,Ω and · k,Ω are the usual Sobolev seminorm and norm on H k (Ω) = W k,2 (Ω). Furthermore, if not otherwise remarked, the occuring numbers C are generic constants that are independent of N and ε.
2. The non-singularly perturbed case ε = 1
In this Section, we consider the boundary value problem
and its discretization with linear finite elements. Introducing
and H
it is easy to show that (2.1) admits a unique solution in H 1,α 0 (0, 1). Moreover, from
Thus, the continuous embedding H 
Consequently, we can use the norm
Next let be given some grid {x i } N i=0 , i.e., 
and the Cea Lemma yields the error estimate
if u I denotes the nodal interpolant of the given continuous function u.
The classical theory of weakly singular differential equations (cf. [10] ) tells us that the solution u of (2.1) admits a decomposition
into a smooth partũ ∈ H 2 (0, 1) and a singular part φ. The singular part satisfies
Next we introduce a graded mesh related to
with some constant µ 1, (2.10)
here i = 0, 1, ..., N and h · N = 1. Then we have the following estimates for the local mesh size h i = x i − x i−1 :
The interpolation error of the smooth part of the solution satisfies, as usual,
Hence,
h. Next we estimate φ − φ I 1,α , first on (x k , 1) and then on the interval (0, x k ), for some k < N still to be chosen
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The choice µ = (1 − α)/2 leads to the order O(h 2 ln 1 h
) but with µ < (1 − α)/2 the term of the right hand side is of optimal order O(h 2 ) for some fixed µ µ 0 > 0. Since
we then have
On the first k subintervals using (2.9) one directly gets
As C 1 gets smaller and C 2 gets bigger for k → N , there must be an optimal choice for our degree of freedom x k . Furthermore some value for µ ∈ (0,
1−α 2
) has to be fixed. In practise it turns out that a value of about 0.8 . . . 0.95 times 1−α 2 yields the best results.
Lemma 2.1. On the graded mesh (2.10) with 0 < µ 0 µ < (1 − α)/2 the error of the linear finite element approximation of the boundary value problem (2.1) satisfies
Note that on a uniform mesh (µ = 1) we get an error of order O(h
3. The singularly perturbed case
Linear elements on a layer-adapted mesh
From [8] and [9] it is known that the solution u of problem (1.1) admits a decomposition
where S is smooth and its derivatives are uniformly bounded with respect to ε.
Consequently, for large η we can use the estimate
On the other side, with ξ = x/(ε
Similar as in Section 2 the singularity ofÊ 0 at ξ = 0 is characterized by
To get an asymptotic estimate for ξ → ∞ we substitute in (3.3), (cf. also [6] , 2·162 (Ia))
and obtain the following second order differential equation
Its solutions are the well known modified Bessel functions
. Finally, resubstituting yields the fundamental solutions to (3.3). Since we are only interested in the exponentially decreasing solutions we know the structure of our layer functionÊ 0 :
Thereafter the asymptotic behaviour of the modified Bessel functions for large arguments (cf.
[1], 9.7.2) tells us for large ξ 
Based on that information we define the transition points τ 0 and τ 1 of a modified Shishkintype mesh [7, 12, 13] . While τ 1 is as usual defined by exp(−c 0 (1 − τ 1 )/ε) = N −2 , thus
we define the transition point τ 0 similarly by
Therefore we get
Assume, for simplicity, that N is divisible by 3 and set
we choose an equidistant subdivision. In [0, τ 0 ], however, as in Section 2 we define with h = (3τ 0 )/N
the finite element approximation satisfies
and we have to estimate the interpolation error for the linear interpolant on our modified Shishkin mesh.
Remark that for the non-singular problem (α = 0) it is well known (cf. [12] , p. 405, (3.149)) that the interpolation error satisfies
here the L 2 interpolation error leads to O(N −2 ) and the weighted H 1 semi-norm generates the term of order O(ε 1/2 N −1 ln N ). On our mesh for the interpolation error of S and E 1 we can simply take the known results but we carefully have to study the interpolation error of E 0 . To do that we transform the corresponding integrals based on the substitution x = ξε
Next we can apply the results of Section 2
For x τ 0 we first apply an inverse inequality
and use, as usual on Shishkin meshes, the smallness of E 0 and its derivative (compare (3.10))
To estimate the L 2 interpolation error of E 0 we use for x τ 0 the smallness of E 0 to obtain
and transform again on (0, τ 0 ):
Next we apply (2.5) to replace the L 2 error by the error with respect to · 1,α and obtain similarly to (3.14)
Summarizing, we proved Theorem 3.1. On the singularity-adapted Shishkin-type mesh with 0 < µ 0 µ < (1 − α)/2 the error of the finite element approximation of problem (1.1) satisfies
Adapted elements on an uniform mesh
Exponentially fitted basis functions have been introduced by Hemker [5] , later its analysis was substantially simplified in [11] . The recent state of the art is to find in [2] or [12] . The splines used in most papers are solutions of local boundary value problems for equations with constant coefficients or (in 2D) tensor products of such functions. Some exception is [3] , where for a turning point problem parabolic cylinder functions are used to represent the basic splines. For simplicity we use an equidistant mesh and denote by h the step size. To define our adapted splines, we first replace the functions c, f that occur in the given boundary value problem
by piecewise constant approximations c h , f h , i.e.,
with appropriate c i , f i ∈ R. A natural choice is
The approximation u h of u is now defined as the solution of In [4] the c h , f h were chosen in such a way that u h represents an upper (or lower) approximations of u. Then the possible order is indeed one. For the choice (3.19) we conjecture that the method even achieves the order 2.
In the non-singularly perturbed case convergence of order 2 can be proved based on Lemma 5.1 in [11] and the properties of the related Green's function. A similar result can be found in [14] . In the singularly perturbed case worse properties of the related Green's function make an analogue analysis more delicate.
The structure of u h over each subinterval Ω i := (x i−1 , x i ) is known. If u i := u h (x i ), then u h locally forms the solution of
The bounday value problems (3.22) are linear and each related homogeneous differential equation
can be transformed into the defining differential equation for the modified Bessel functions (compare (3.7)). Thus, one obtains the following two linearly independent solutions on every subinterval.
, where I ν and K ν again denote the modified Bessel functions of order ν. With the aid of v i1 and v i2 we define basis functions φ j ∈ C(0, 1), j = 1, . . . , N − 1 and ψ j ∈ C(0, 1), j = 1, . . . , N such that they locally form the solutions of the boundary value problems
respectively. Thus, the basis functions φ i and ψ i can be represented by
with appropriate constants k i1 , k i2 , d i1 , d i2 ∈ R and by
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respectively. The constants k i1 , k i2 , d i1 , d i2 in the definition (3.26) of the functions φ i are defined by the condition φ i (x j ) = δ ij . Now, we have to find the parameters u i of the representation
The known differentiability of u h in (0, 1) yields conditions at the inner grid points. With the structure (3.26), (3.27) we obtain the tridiagonal system
with u 0 := 0, u N := 0 and the coefficients
and the right hand side
The monotonicity properties of the basis functions φ i imply that the coefficients of the linear system satisfy a i < 0, b i > 0 and c i < 0. Together with the regularity of system (3.29) which is a consequence of the coercivity of the operator related to (3.22) it proves that the matrix of the discrete system is a M-matrix. The M-matrix property allows us to determine the unknown coefficients {u i } N −1 i=1 of (3.28) in a stable way. However, the magnitude of the occurring modified Bessel functions requires a more elaborate way to assemble the linear system. For ε smaller than 10 −3 the respective function values v i1 (x i ) and v i1 (x i ) are beyond 10 350 whereas v i2 (x i ) and v i2 (x i ) are numbers smaller than 10 −350 . In this way it is impossible for a computer with regular precision to represent these numbers. The coefficients k i1 , k i2 , d i1 , d i2 have to compensate in magnitude for the extreme values to combine the correct basis functions. A closer look leads to the idea not to compute these very numbers, e.g. v i1 (x i ) or k i1 , but their logarithms. Since only products of very huge and very tiny numbers will be incorporated in the linear system, these logarithms can be added and the corresponding base can be taken to that sum yielding the correct entry in the linear system. Logarithms of the modified bessel functions can be accessed e.g. via an asymptotic expansion (cf. [1] , 9.7.1 -9.7.4). Remark 3.2. A different way to assemble a discrete system for the modified Bessel function approach can be described by defining the functions v i1 and v i2 as discontinuous basis functions on Ω i . The discrete solution then has the following structure:
The 2N unknowns
{c i1 , c i2 } and 2N equations (continuity of u h and its derivative at the inner grid points and the two boundary conditions) together constitute the linear system that Layer-adapted methods for a singularly perturbed singular problem 201 theoretically yields the same results as the former implementation. However, the coefficient matrix contains function values of the fundamental solutions v i1 , v i2 and their derivatives, respectively, that are of cosmic magnitude in the singular perturbed case. Thus, even for moderate perturbation parameters ε the condition number of the coefficient matrix virtually explodes. As previously discussed, for even smaller numbers ε the computer cannot even represent all coefficients correctly.
Numerical experiments
To illustrate the theoretical results in Section 2 and 3 we numerically investigate two test problems and compare the results. At first we consider a singular equation like (1.1) but with ε = 1
The right hand side f is constructed in such a way that the exact solution has the typical singular behavior at zero:
x)). Moreover, on the one hand we use linear FEM on a graded mesh with the choice µ = 0.2 for the grading parameter, on the other hand the adapted basis functions on an equidistant grid with the same number of unknowns. Additionally both methods are compared with the convergence of linear FEM on the same equidistant grid. Table 4 .1 compares the errors of the two approaches in some discrete approximation of the maximum norm, · ∞, * , together with its experimental order of convergence (EOC). The discrete norm · ∞, * serves as a tight lower bound for the continuous maximum norm · ∞ and is defined by the maximal absolute function value of all grid points and of one hundred additional sample points on every interval. Figure 4 .1 displays the decay of the errors for the three approaches on a double logarithmic scale. Additionally, we present the error decay of the finite element solution in the H 1,α -norm. One can observe that the linear FEM solution on the graded mesh converges with second order in the · ∞, * -norm. Also the solution using adapted basis functions converges with almost second order in the same norm. As expected, linear FEM on a uniform grid has some difficulties with the singular behaviour of the exact solution performing an approximate · ∞, * -convergence of order 1 2 (see Fig. 4.1 ). In the second example we want to throw some light on the singular perturbed case. Our model equation is of the following form:
For this boundary value problem we do not know the exact solution. Instead we compute a reference solution using linear FEM on a very fine graded S-mesh of about one million unknowns.
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Christian Grossmann et al. For four values of ε we compare, similar to the previous example, the error decay and rate of convergence of the linear FEM on a graded Shishkin mesh and the modified ansatz function approach on an equidistant grid having the same number of unknowns. Again, we also compute the error decay of the FEM solution in the ε-weighted H 1,α seminorm. Remark that in our calculations the number of unknowns are chosen in such a way that they are log-equidistributed numbers divisible by three.
The results are presented in Table 4.2 to Table 4 .5. The Bessel function approach shows a behavior dependent on the perturbation parameter ε: In the most interesting case ε < N −1 we have first order convergence, in accordance with (3.21). In the case ε > N −1 the performance improves and the method converges even faster than second order. As expected the finite element solution converges almost second order in the · ∞, * -norm and almost first order in the weighted H 1,α seminorm.
Remark that it seems possible to extend the adapted mesh approach to two-dimensional problems while the generation of adapted bases in 2D is extremely complicated. 
